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Abstract
The aim of this paper is to study the heat kernel and jump kernel of the Dirichlet form
associated to ultrametric Cantor sets ∂BΛ that is the infinite path space of the stationary
k-Bratteli diagram BΛ, where Λ is a finite strongly connected k-graph. The Dirichlet form
which we are interested in is induced by an even spectral triple (CLip(∂BΛ), piφ,H,D,Γ)
and is given by
Qs(f, g) =
1
2
∫
Ξ
Tr
(|D|−s[D,piφ(f)]∗[D,piφ(g)]) dν(φ),
where Ξ is the space of choice functions on ∂BΛ × ∂BΛ. There are two ultrametrics, d(s)
and dwδ , on ∂BΛ which make the infinite path space ∂BΛ an ultrametric Cantor set. The
former d(s) is associated to the eigenvalues of Laplace-Beltrami operator ∆s associated to
Qs, and the latter dwδ is associated to a weight function wδ on BΛ, where δ ∈ (0, 1). We
show that the Perron-Frobenius measure µ on ∂BΛ has the volume doubling property with
respect to both d(s) and dwδ and we study the asymptotic behaviors of the heat kernel
associated to Qs. Moreover, we show that the Dirichlet form Qs coincides with a Dirichlet
form QJs,µ which is associated to a jump kernel Js and the measure µ on ∂BΛ, and we
investigate the asymptotic behavior and moments of displacements of the process.
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1 Introduction
Higher-rank graphs (or k-graphs) Λ and their C∗-algebras C∗(Λ) were introduced in [15] as a
generalization of directed graphs and Cuntz-Krieger algebras in order to give a combinatorial
model and to study abstract properties of C∗(Λ) such as simplicity and ideal structure. Higher-
rank graphs and the associated C∗-algebras have extensively been studied in last two decades
on classification theory, K-theory of C∗(Λ), and the study of spectral triples and of KMS
states. (See [3, 18, 6, 10, 9, 12] and references therein). The C∗-theory of Cuntz algebras,
Cuntz-Krieger algebras associated to graphs (and k-graphs) not only have played an important
role in operator algebras and noncommutative geometry, but also have been used in many
applications in engineering and physics: branching laws for endomorphisms, Markov measures
and topological Markov chains, wavelets and multiresolution analysis, and iterated function
systems (IFS) and fractals. (See [1, 7, 2, 16, 5] and references therein).
In the recent papers [8, 9], authors have studied spectral triples and their relations to C∗-
representations and wavelet decompositions of Cuntz algebra ON , Cuntz-Krieger algebra OA
of an adjacency matrix A and C∗(Λ) based on the works of [17, 13]. In fact, Pearson-Bellissard
[17] originally constructed a family of spectral triples to study geometry of ultrametric Cantor
sets induced from weighted trees. Not only they studied ζ-function, Dixmier trace and their
relations to (fractal) dimensions and (Hausdorff, probability) measures on ultrametric Cantor
sets, but also they constructed a family of Dirichlet forms from the spectral triples and studied
the eigenvalues, eigenspaces of the Laplace-Beltrami operators associated to the Dirichlet forms,
and investigated the associated diffusion on triadic Cantor sets. Using the frame work developed
in [17], Julien and Savinien [13] applied the theory to study substitution tilings on a weighted
Bratteli diagram (which is a special kind of tree).
Although it is known in [17, 13] that the basis of eigenspaces of the Laplace-Beltrami oper-
ators are related to wavelets (for example, Haar wavelets for the case of the triadic Cantor set
[17]), it was first noticed in [8, 9] that particular representations of C∗-algebras (Cuntz alge-
bras, Cuntz Krieger algebras and C∗(Λ)) studied in [7] give “scaling and translation” operators
that relate the eigenspaces to wavelets/wavelet decompositions in general cases. In [9], authors
associated a finite strongly connected k-graph Λ to a stationary k-Bratteli diagram BΛ and
obtained Cantor sets from the infinite path space ∂BΛ of BΛ and ultrametric dwδ associated
to weight functions wδ on ∂BΛ, where δ ∈ (0, 1).1 Then they [9] were also able to associate
1This number δ ∈ (0, 1) is the abscissa of convergence of the ζδ-function associated to the spectral triples.
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Pearson-Bellissard spectral triples to the k-graph Λ under a mild hypothesis and obtain similar
results to those of [17] for ζ-function, Dixmier trace and Laplace-Beltrami operators ∆s and
their eigenspaces. Note that the Dixmier trace induces a self-similar measure µ on ∂BΛ which
agrees with the Perron-Frobenius measure M introduced in [12] under a mild hypothesis. (See
Corollary 3.10 of [9]).
For the spectral triple (CLip(∂BΛ), πφ,H, D,Γ)2, the Dirichlet formQs on L2(∂BΛ, µ) is given
by
Qs(f, g) =
1
2
∫
Ξ
Tr
(|D|−s[D, πφ(f)]∗[D, πφ(g)]) dν(φ),
where Ξ is the space of choice functions on ∂BΛ×∂BΛ and ν is a measure induced from µ. The
associated Laplace-Beltrami operator ∆s is given by
〈f,∆s(g)〉 = Qs(f, g).
With the self-similar measure µ on ∂BΛ (given in (3)), we get a metric measure space (∂BΛ, µ, dwδ).
Note that the Markovian semigroup or the heat kernel associated to the Dirichlet form Qs has
not been investigated in [9].
According to section 13 of [14], Kigami showed that Dirichlet form associated to Pearson-
Bellissard spectral triple of an ultrametric Cantor set induced from a weighted tree is a special
kind of the Dirichlet forms on Cantor sets constructed in [14] without a spectral triple. In
fact, the Cantor set in [14] is obtained from a random walk on a tree, and the measure and
the Dirichlet form on it are given in terms of effective resistances (see [14, Section 2, Sec-
tion 4]). Moreover, Kigami described how his theory is related to noncommutative geometry
by identifying a generalized jump kernel for the Dirichlet form of [17] and comparing his results
(ζ-function, self-similar measure, asymptotic behavior of the heat kernel) to those of [17] when
the Cantor set is given by the complete binary tree.
We think that Kigami’s observation on the complete binary tree can be extended to a more
general tree, in particular, a stationary k-Bratteli diagram, associated to a finite strongly con-
nected k-graph. In this paper, we study the asymptotic behavior of the associated heat kernel
and identify the jump kernel Js for the process associated to the Dirichlet form Qs. It turned
out that the Dirichlet form Qs coincides with the Dirichlet form QJs,µ given in Definition 4.3,
where Js is a generalized jump kernel given in (19) (see Proposition 4.4). Also, the asymptotic
behavior of the heat kernel pt associated to Qs describes the jump process across the gaps of
the Cantor set (see Theorem 4.9). Note that Chen and Kumagai [4] have investigated the heat
kernel estimates for this kind of jump processes associated to a jump-type Dirichlet form such
as QJs,µ.
We begin in Section 2 with definitions of k-graphs and k-Bratteli diagrams and discuss
how we obtain ultrametric Cantor sets C using weighted k-Bratteli diagrams associated to k-
graphs. In Section 3, we first review the construction of Pearson-Bellissard’s spectral triples
and Dirichlet forms Qs, s ∈ R on C. Then we show in Proposition 3.2 that the Laplace-
Beltrami operator ∆s associated to Qs is in fact unbounded when s < 2 + δ, where δ ∈
(0, 1). Moreover, we obtain the intrinsic ultrametric d(s) associated to the eigenvalues of ∆s
in Proposition 3.3. In Section 4, we first show that both ultrametrics d(s) and dwδ have the
volume doubling property with respect to the self-similar measure µ in Proposition 4.1 and
See Theorem 3.8 of [9].
2See the details in Section 3.
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Proposition 4.2. Moreover, Theorem 4.8 shows that they are asymptotically equivalent in
the sense that d(s)(x, y) ≍ (dwδ(x, y))2+δ−s, where δ ∈ (0, 1) and see (23) for ‘≍’. Finally, we
discuss the heat kernel and its asymptotic behavior and moments of displacement of the process
associated to the Dirichlet form Qs in Theorem 4.9.
2 k-graphs and ultrametric Cantor sets
2.1 k-graphs and k-Bratteli diagrams
Throughout this article, N denotes the non-negative integers and |S| denotes the number of
elements in a set S unless specified otherwise.
A directed graph is given by a quadruple E = (E0, E1, r, s), where E0 is the set of vertices
of the graph, E1 is the set of edges, and maps r, s : E1 → E0 denote the range and source of
each edge. A vertex v in a directed graph E is a source if r−1(v) = ∅.
Definition 2.1. [15, Definition 1.1] A higher-rank graph (or k-graph) is a small category Λ
equipped with a degree functor d : Λ → Nk satisfying the factorization property : whenever λ
is a morphism in Λ such that d(λ) = m + n, there are unique morphisms µ, ν ∈ Λ such that
d(µ) = m, d(ν) = n, and λ = µν.
We often consider k-graphs as a generalization of directed graphs. For n ∈ Nk, we write
Λn := {λ ∈ Λ : d(λ) = n},
and we call morphisms λ ∈ Λn paths with degree n ∈ Nk. If n = 0 ∈ Nk, then Λ0 is the set of
objects of Λ, which we also refer to as the vertices of Λ. There are maps r, s : Λ → Λ0 which
identify the range and source of each morphism, respectively. For v, w ∈ Λ0 and n ∈ Nk, we
define two sets
vΛn := {λ ∈ Λn : r(λ) = v}, vΛw = {λ ∈ Λ : r(λ) = v, s(λ) = w}.
We say that a k-graph Λ is finite if |Λn| <∞ for all n ∈ Nk; Λ has no sources (or is source-free)
if |vΛn| > 0 for all v ∈ Λ0 and n ∈ Nk; Λ is strongly connected if, for all v, w ∈ Λ0, vΛw 6= ∅.
For each 1 ≤ i ≤ k, we write ei for the standard basis vector of Nk, and define a matrix
Ai ∈MΛ0(N) by
Ai(v, w) = |vΛeiw|.
We call Ai the i-th vertex matrix of Λ. Note that the factorization property implies that the
matrices Ai commute, i.e. AiAj = AjAi for 1 ≤ i, j ≤ k. In fact, for a pair of composable
edges f ∈ vΛeiu, g ∈ uΛejw, the factorization property implies that there exist unique edges
f˜ ∈ Λeiw, g˜ ∈ vΛej such that
fg = g˜f˜
since d(fg) = ei + ej = ej + ei = d(g˜f˜).
Example 2.2. If we let ΛE be the category of finite paths of a directed graph E, then ΛE is a
1-graph with the degree functor d : ΛE → N which takes a finite path λ to its length |λ| (the
number of edges making up λ).
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Another fundamental example of a k-graph is the following. For any k ≥ 1, let Ωk be the
small category with Obj(Ωk) = N
k and Mor(Ωk) = {(p, q) ∈ Nk × Nk : p ≤ q} where p ≤ q
means that each entry pi is less than and equal to qi for 1 ≤ i ≤ k. The range and source maps
r, s : Mor(Ωk)→ Obj(Ωk) are given by r(p, q) = p and s(p, q) = q. If we define d : Ωk → Nk by
d(p, q) = q − p, then one can show that (Ωk, d) is a k-graph.
According to [15], we can define an infinite path in a k-graph Λ by a k-graph morphism
(meaning degree-preserving functor) x : Ωk → Λ and we write Λ∞ for the set of all infinite
paths in Λ. We endow Λ∞ with the topology generated by the collection of cylinder sets
{Z(λ) : λ ∈ Λ}, where the cylinder set of λ is defined by
Z(λ) = {λx ∈ Λ∞ | s(λ) = r(x)} = {y ∈ Λ∞ | y(0, d(λ)) = λ}3.
We note that Z(λ) is compact open for all λ ∈ Λ. We also see that Λ is a finite k-graph if and
only if Λ∞ is compact.
Consider a family of commuting N × N matrices {A1, . . . , Ak} with non-negative entries.
We say that the family {A1, . . . , Ak} is irreducible if for each nonzero matrix Ai, there exists a
finite subset F ⊂ Nk such that AF (s, t) > 0 for all s, t ∈ N , where for n = (n1, . . . , nk) ∈ Nk
and a finite subset F of Nk, we write
An :=
k∏
i=1
Anii , and AF :=
∑
n∈F
An.
By [12, Lemma 4.1], a k-graph Λ is strongly connected if and only if the family of vertex
matrices {A1, . . . , Ak} for Λ is irreducible. So, if a finite k-graph Λ is strongly connected, then
Proposition 3.1 of [12] implies that there is a unique positive vector κΛ ∈ (0,∞)Λ0 such that∑
v∈Λ0 κ
Λ
v = 1 and
Aiκ
Λ = ρiκ
Λ for all 1 ≤ i ≤ k
where ρi := ρ(Ai) denotes the spectral radius of Ai. Such an eigenvector κΛ is called the
(unimodular) Perron-Frobenius eigenvector of Λ. Proposition 8.1 of [12] shows that there is a
unique Borel probability measure M on Λ∞ that satisfies the self-similarity condition4 given by
M(Z(λ)) = ρ(Λ)−d(λ)κΛs(λ) for all λ ∈ Λ, (1)
where Z(λ) is a cylinder set of λ ∈ Λ and κΛ is the unique Perron-Frobenius eigenvector of Λ.
More precisely, for λ ∈ Λ
M(Z(λ)) = ρ
−d(λ)1
1 . . . ρ
−d(λ)k
k κ
Λ
s(λ), (2)
where ρ(Λ) = (ρ1, . . . , ρk) and d(λ) = (d(λ)1, . . . , d(λ)k). The measure M is often called the
Perron-Frobenius measure on Λ∞.
Now we describe Bratteli diagrams and k-Bratteli diagrams introduced in [2, 9] as follows.
3Since y ∈ Λ∞, we have y : Ωk → Λ by definition. So, (0, d(λ)) ∈ Mor(Ωk) ⊂ Nk × Nk and the image of
(0, d(λ)) under y should be an element of Λ by definition. Thus, y(0, d(λ)) = λ ∈ Λ means that the initial path
of the infinite path y with degree d(λ) is the same as λ.
4For λ ∈ Λ, M(Z(λ)) = ρ(Λ)−d(λ)M(Z(s(λ))).
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Definition 2.3. [2, 9] A Bratteli diagram denoted by B is a directed graph with a vertex set
B0 = ⊔n∈N Vn, and an edge set B1 = ⊔∞n=1En, where En consists of edges whose source vertex
lies in Vn+1 and whose range vertex lies in Vn. A finite path η = η1 · · · ηℓ is a finite sequence of
edges with r(ηn) = s(ηn+1).
Definition 2.4. [9, Definition 2.3] Given a Bratteli diagram B, the set of all infinite paths ∂B
is defined by
∂B = {(xn)∞n=1 : xn ∈ En and s(xn) = r(xn+1) for all n ∈ N \ {0}}.
For a finite path η = η1η2 · · ·ηℓ of B, we define the cylinder set [η] by
[η] = {x = (xn)∞n=1 ∈ ∂B : xi = ηi for all 1 ≤ i ≤ ℓ}.
We note the collection T of all cylinder sets forms a compact open sub-basis for a locally
compact Hausdorff topology on ∂B; we will always consider ∂B with this topology.
Definition 2.5. [9, Definition 2.5] Let A1, . . . , Ak be commuting N × N matrices with non-
negative integer entries. The stationary k-Bratteli diagram associated to the matrices A1, . . . , Ak
is given by a filtered set of vertices B0 = ⊔n∈N Vn and a filtered set of edges B1 = ⊔∞n=1En,
where the edges in En go from Vn+1 to Vn, such that
(i) for each n ∈ N, each Vn consists of N vertices, which we will label 1, . . . , N ;
(ii) when n ≡ i (mod k), there are Ai(p, q) number of edges whose range is the vertex p of
Vn and whose source is the vertex q of Vn+1.
Remark 2.6. For a finite strongly connected k-graph Λ, let BΛ be the corresponding stationary
k-Bratteli diagram. We first note that Proposition 2.10 of [9] implies that the infinite path space
Λ∞ of Λ is homeomorphic to the infinite path space ∂BΛ of BΛ. Thus, we can obtain the unique
probability measure µ on ∂BΛ satisfying self-similarity condition by transferring the Perron-
Frobenius measure M on Λ∞ given in (1) as follows. Since we have Vn ∼= Λ0 for all n ∈ N, we
write (κv)v∈Λ0 (or (κv)v∈Vn) again for the corresponding Perron-Frobenius eigenvectors at each
level of BΛ. Then the induced unique probability measure µ on ∂B is given by
µ[η] =
( 1
ρqρ1 . . . ρt
)
κΛs(η), (3)
where ρ = ρ1 . . . ρk and η is a finite path in B with r(η) ∈ V0 and |η| = qk+ t for some q, t ∈ N
and 0 ≤ t ≤ k − 1.
2.2 Weights and ultrametrics
For a Bratteli diagram (or stationary k-Bratteli diagram) B and n ∈ N, we let
F nB = {η ∈ B : r(η) ∈ V0, |η| = n},
where |η| is the length5 of η, and let FB = ∪n∈NF nB.
5Since every finite path η of B is of the form η1 . . . ηn for some n, the length (the number of edges that form
the finite path η) is n.
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Definition 2.7. [17, 13, 9] A weight on B is a function w : FB → R+ such that
(i) for any vertex v ∈ V0, w(v) < 1;
(ii) limn→∞ sup{w(λ) : λ ∈ F nB} = 0;
(iii) if η is a sub-path of λ, then w(λ) ≤ w(η).
For x, y ∈ ∂B, we write x ∧ y for the longest common initial sub-path of x and y. If
r(x) 6= r(y), then we define x ∧ y = ∅.
We say that a metric d on a Cantor set C is an ultrametric if d induces the Cantor set
topology and satisfies
d(x, y) ≤ max{d(x, z), d(y, z)} for all x, y, z ∈ C.
It is not hard to see that a weight w on a Bratteli diagram gives an ultrametric dw as follows.
Proposition 2.8. [9, Proposition 2.15] (c.f. [17, 13, 8]) Let B be a Bratteli diagram with a
weight w. Suppose that ∂B is a Cantor set. The function dw : ∂B × ∂B → R+ given by
dw(x, y) =


0 if x ∧ y = ∅
1 if x = y
w(x ∧ y) otherwise
(4)
is an ultrametric on ∂B. Moreover, dw metrizes the cylinder set topology on ∂B.
It is shown in [9] that we can associate a k-graph to an ultrametric Cantor set under a mild
hypothesis as follows. Let Λ be a finite strongly connected k-graph with vertex matrices Ai and
suppose that each spectral radius ρi of Ai is bigger than 1. Then Proposition 2.17 of [9] implies
that the infinite path space Λ∞ is a Cantor set, and hence the infinite path space ∂BΛ of the
corresponding stationary k-Bratteli diagram BΛ is also a Cantor set since Λ∞ is homeomorphic
to ∂BΛ. Also, Proposition 2.19 of [9] implies that there exists a weight ωδ on BΛ for δ ∈ (0, 1)
given as follows: For any λ ∈ FB with |λ| = n ∈ N, we write n = qk+ t for some q, t ∈ N0 with
0 ≤ t ≤ k − 1. For each δ ∈ (0, 1), we define wδ : FB → R+ by
wδ(η) =
(
ρ
q+1
1 · · · ρq+1t ρqt+1 · · ·ρqk
)−1/δ
κΛs(η), (5)
where κΛ is the unimodular Perron-Frobenius eigenvector for Λ. Moreover, Proposition 2.8
above implies that the weight ωδ induces an ultrametric dωδ on ∂B and the metric topology
induced by dw agrees with the cylinder set topology of ∂BΛ. Thus if we let Bdw(x, r) be the
closed ball of center x and radius r > 0, then Bdw(x, r) = [x1 . . . xn] for some n ∈ N, where
x = (xn)
∞
n=1 ∈ ∂BΛ. (See the details of the proof in Proposition 2.15 of [9]).
3 Spectral triples and Laplace-Beltrami operators
For the rest of this paper, we denote by Λ and BΛ a finite, strongly connected k-graph and
its associated stationary k-Bratteli diagram with infinite path space ∂BΛ, respectively, unless
specified otherwise.
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According to [9], there exists a family of spectral triples for the ultrametric Cantor set
associated to Λ under mild hypotheses. The associated ζ-function is also regular and the
measure µ on ∂BΛ induced by Dixmier trace turned out to be equivalent to the Perron-Frobenius
measure M on Λ∞. Moreover, the family of spectral triples induces Laplace-Beltrami operators
∆s, s ∈ R given via the Dirichlet forms as below. In this section, we first review them, and then
investigate the asymptotic behavior of the eigenvalues of ∆s and the associated ultrametric d
(s)
called the intrinsic metric.
Definition 3.1. [17, 13, 9] An odd spectral triple is a triple (A,H, D)6 consisting of a Hilbert
space H, an involutive algebra A of (bounded) operators onH and a densely defined self-adjoint
operator D that has compact resolvent such that [D, π(a)] is a bounded operator for all a ∈ A,
where π is a faithful bounded ∗-representation of A on H. An even spectral triple is an odd
spectral triple with a grading operator (meaning self adjoint and unitary) Γ on H such that
ΓD = −DΓ, and Γπ(a) = π(a)Γ for all a ∈ A.
We first suppose that ∂BΛ is a Cantor set. For any δ ∈ (0, 1), let wδ be the weight on BΛ
given in (5) and we denote by dwδ the induced ultrametric on ∂BΛ as mentioned in the previous
section. Suppose, in addition, that for λ ∈ FBΛ, we have
diam[λ] = wδ(λ), (6)
where diam[λ] = sup{dwδ(x, y) | x, y ∈ [λ]}. Then as in [9] (c.f. [17, 13]), we can construct a
family of spectral triples for the ultrametric Cantor set (∂BΛ, dwδ) as follows.7
A choice function for (∂BΛ, dwδ) is a map φ : FBΛ → ∂BΛ × ∂BΛ such that φ(λ) =
(φ1(λ), φ2(λ)) ∈ [λ]× [λ] and
dwδ(φ1(λ), φ2(λ)) = diam[λ]. (7)
(Hence we have dwδ(φ1(λ), φ2(λ)) = diam[λ] = wδ(λ) by (6)). Here φ1(λ) and φ2(λ) are infinite
paths in [λ] and the subscripts 1,2 imply that the choice function gives a pair of (distinct)
infinite paths in [λ] satisfying (7). The condition in (7) means that φ1(λ) and φ2(λ) satisfy
φ1(λ) ∈ [λe] and φ2(λ) ∈ [λe′] for two different edges e, e′. According to [17], the space of choice
functions is the analogue of the sphere bundle of a Riemannian manifold.
We denote by Ξ the space of choice functions for (∂BΛ, dwδ). Since ∂BΛ is a Cantor set, Ξ
is nonempty since it implies that for every finite path λ of BΛ we can find two distinct infinite
paths x, y ∈ [λ] such that φ1(λ) = x and φ2(λ) = y. (See Proposition 2.4 of [9]).
Let CLip(∂BΛ) be the pre-C∗-algebra of Lipschitz continuous functions on (∂BΛ, dwδ) and let
H = ℓ2(FBΛ)⊗ C2. For φ ∈ Ξ, we define a ∗-representation πφ of CLip(∂BΛ) on H by
πφ(g) =
⊕
λ∈FBΛ
(
g(φ1(λ)) 0
0 g(φ2(λ))
)
.
Then we define a Dirac-type operator D on H by
D =
⊕
λ∈FBΛ
1
wδ(λ)
(
0 1
1 0
)
.
6Note that the representation pi is often included in the notation for a spectral triple.
7The construction of the spectral triple for (∂BΛ, dwδ ) works for a ultrametric Cantor set induced by any
weighted tree as in [17]. Also note that the family of the spectral triples is indexed by the space of choice
functions.
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The grading operator Γ is given by
Γ = 1ℓ2(FBΛ) ⊗
(
1 0
0 −1
)
.
Then one can show that πφ is a faithful ∗-representation, and the unbounded operator D is
self-adjoint with compact resolvent and the commutator [D, πφ(g)] is a bounded operator for
all g ∈ CLip(∂BΛ). Moreover, one can check that
[Γ, πφ(g)] = 0 for all g ∈ CLip(∂BΛ),
and ΓD = −DΓ. Hence, we obtain an even spectral triple (CLip(∂BΛ), πφ,H, D,Γ) for each
choice function φ ∈ Ξ. (See the details in [17, 13, 9]).
As shown in [9], the associated ζδ-function is given by
ζδ(s) =
1
2
Tr(|D|−s)
where s ∈ C. Since we assume (6), the abscissa of convergence s0 of the ζδ-function is δ by [9,
Theorem 3.8]. Moreover, the associated Dixmier trace induces a measure µwδ on ∂BΛ by the
formula
µwδ [γ] = µwδ(χγ) = lims→s0
Tr(|D|−sπφ(χγ))
Tr(|D|−s)
where χγ is the characteristic function on a cylinder set [γ].
According to Corollary 3.10 of [9], the induced Dixmier trace measure µwδ is finite and
independent of δ under a mild hypothesis8, so we denote by µ without subscript. Moreover,
the measure µ agrees with the probability measure on ∂BΛ given in (3). Hence, for λ ∈ FBΛ
with |λ| = qk + t (0 ≤ t ≤ k − 1), µ is given by
µ[λ] = (ρ1 . . . ρt)
−(q+1)(ρt+1 . . . ρk)
−qκs(λ).
(See Theorem 3.9 and Corollary 3.10 of [9] for the details).
Now we describe the associated Dirichlet form and Laplace-Beltrami operator as follows.
Let µ be the induced measure on ∂BΛ as above. For s ∈ R, we define a sesquilinear form Qs
on L2(∂BΛ, µ) by
Qs(f, g) =
1
2
∫
Ξ
Tr
(|D|−s[D, πφ(f)]∗[D, πφ(g)]) dν(φ), (8)
where ν is the normalized measure on the set Ξ of choice functions given by the measure µ. In
particular, we have that for λ ∈ FBΛ,
νλ =
µ× µ∑
(e,e′)∈ext1(λ)
µ[λe] µ[λe′]
(9)
where ext1(λ) is the set of ordered pairs of distinct edges (e, e
′) which extend γ one generation
further, i.e., e 6= e′, r(e) = r(e′) = s(λ), and |e| = |e′| = 1. Then one can show that Qs is
a closable Dirichlet form for all s ∈ R with dense domain Dom(Qs) which is the linear span
8The product of the vertex matrices A = A1 . . . Ak is irreducible
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of {χλ : λ ∈ FBΛ} as in Section 8 of [17]. Then one can obtain a self-adjoint operator ∆s on
L2(∂BΛ, µ) given by
〈f,∆s(g)〉 = Qs(f, g),
and it is well-known that ∆s generates a Markov semigroup.
According to [13, Section 4.1], one can compute the formula for ∆s(χγ) as follows, and hence
one can obtain the eigenvalues and the corresponding eigenvectors explicitly. Fix a finite path
γ ∈ FBΛ with |γ| = n. For 0 ≤ k ≤ n = |γ|, we write γk = γ(0, k) for the initial sub-path of γ
with length k. Then we have
∆s(χγ) = −
n−1∑
k=0
1
Gs(γk)
(
(µ[γk]− µ[γk+1])χγ − µ[γ](χγk − χγk+1)
)
,
where
Gs(η) =
1
2
wδ(η)
2−s
∑
(e,e′)∈ext1(η)
µ[ηe]µ[ηe′]
as in (4.2a), (4.2b) of [13]. Moreover, Theorem 4.3 of [13] implies that we can show that ∆s has
pure point spectrum, and one can compute the eigenvalues and eigenspaces for ∆s explicitly as
follows. For γ ∈ FBΛ,
λs,γ =
n−1∑
k=0
µ[γk+1]− µ[γk]
Gs(γk)
− µ[γ]
Gs(γ)
(10)
is an eigenvalue with the eigenspace
Es,γ = span
{ χγe
µ[γe]
− χγe′
µ[γe′]
: (e, e′) ∈ ext1(γ)
}
. (11)
To make sense of ∆s as Laplacian, in particular, as an unbounded operator, we need the
property that the eigenvalues λs,γ blows up as |γ| → ∞. The next proposition shows when the
eigenvalue λs,γ goes to −∞ as |γ| → ∞.
Proposition 3.2. For any δ ∈ (0, 1), let wδ be the weight given in (5) and dwδ be the associated
ultrametric given in Proposition 2.8 on ∂BΛ. Let µ be the probability measure on ∂BΛ given in
(3). Let {ρi : 1 ≤ i ≤ k} be the set of the spectral radii of all vertex matrices of Λ, and suppose
that ρi > 1 for all 1 ≤ i ≤ k. Let ∆s, s ∈ R be the Laplace-Beltrami operator associated to the
Dirichlet form Qs given in (8) and let λs,γ be its eigenvalues given in (10), where γ ∈ FBΛ. If
s < 2 + δ, then for γ ∈ FBΛ, the eigenvalue λs,γ goes to −∞ as |γ| → ∞.
Proof. Fix a finite path γ in BΛ. For simplicity, we drop the subscript s from λs,γ for the proof.
In order to simplify the computation, we write the formula of λγ in (10) as
λγ = A− B,
where
A =
|γ|−1∑
n=0
µ[γn+1]− µ[γn]
Gs(γn)
, B =
µ[γ]
Gs(γ)
.
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Using the formulas for the measure µ and the weight wδ on ∂B, we compute
A =
|γ|−1∑
n=0
2
(
wδ(γn)
)s−2
(µ[γn+1]− µ[γn])∑
(e,e′)∈ext1(γn)
µ[γne] · µ[γne′] .
If n = qk + t with 0 ≤ t ≤ k − 1, then we have that
µ[γn] = (ρ1 . . . ρt)
−(q+1)(ρt+1 . . . ρk)
−qκΛs(γn),
µ[γn+1] = (ρ1 . . . ρt+1)
−(q+1)(ρt+2 . . . ρk)
−qκΛs(γn+1),
µ[γne] = (ρ1 . . . ρt+1)
−(q+1)(ρt+2 . . . ρk)
−qκΛs(e),
µ[γne
′] = (ρ1 . . . ρt+1)
−(q+1)(ρt+2 . . . ρk)
−qκΛs(e′),(
wδ(γn)
)s−2
=
(
(ρ1 . . . ρt)
−(q+1)/δ(ρt+1 . . . ρk)
−q/δκΛs(γn)
)s−2
.
Thus, we obtain that
A = 2
|γ|−1∑
n=0
(ρ1 . . . ρt)
−(q+1)(ρt+1 . . . ρk)
−q
(κΛs(γn+1)
ρt+1
− κΛs(γn)
)
×
(
(ρ1 . . . ρt)
−(q+1)/δ(ρt+1 . . . ρk)
−q/δκΛs(γn)
)s−2
∑
(e,e′)∈ext1(γn)
(ρ1 . . . ρt+1)
−2(q+1)(ρt+2 . . . ρk)
−2qκΛs(e)κ
Λ
s(e′)
,
so that
A = 2
|γ|−1∑
n=0
(κΛs(γn+1)
ρt+1
− κΛs(γn)
)(ρ1 . . . ρt)− (q+1)(s−2)δ +(q+1)(ρt+1 . . . ρk)− q(s−2)δ +q(κΛs(γn))s−2
ρ−2t+1
∑
(e,e′)∈ext1(γn)
κΛs(e)κ
Λ
s(e′)
.
To compute B, let |γ| = q′k + t′ with 0 ≤ t′ ≤ k − 1. Then we have
B =
µ[γ] 2
(
wδ(γ)
)s−2
∑
(e,e′)∈ext1(γ)
µ[γe] · µ[γe′]
=
2(ρ1 . . . ρt′)
−(q′+1)(ρt′+1 . . . ρk)
−q′κΛs(γ)
(
(ρ1 . . . ρt′)
−
(q′+1)
δ (ρt′+1 . . . ρk)
− q
′
δ κΛs(γ)
)s−2
∑
(e,e′)∈ext1(γ)
(ρ1 . . . ρt′+1)−2(q
′+1)(ρt′+2 . . . ρk)−2q
′
κΛs(e)κ
Λ
s(e′)
=
2(ρ1 . . . ρt′)
− (q
′+1)(s−2)
δ
+(q′+1)(ρt′+1 . . . ρk)
− q
′(s−2)
δ
+q′(κΛs(γ))
s−1
ρ−2t′+1
∑
(e,e′)∈ext1(γ)
κΛs(e)κ
Λ
s(e′)
.
Thus, we obtain that
λγ = A− B
= 2
|γ|−1∑
n=0
(κΛs(γn+1)
ρt+1
− κΛs(γn)
)(ρ1 . . . ρt)− (q+1)(s−2)δ +(q+1)(ρt+1 . . . ρk)− q(s−2)δ +q(κΛs(γn))s−2
ρ−1t+1
∑
(e,e′)∈ext1(γn)
κΛs(e)κ
Λ
s(e′)
− 2(ρ1 . . . ρt
′)−
(q′+1)(s−2)
δ
+(q′+1)(ρt′+1 . . . ρk)
−
q′(s−2)
δ
+q′(κΛs(γ))
s−1
ρ−2t′+1
∑
(e,e′)∈ext1(γ)
κΛs(e)κ
Λ
s(e′)
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First, we note that λγ cannot approach to +∞ as |γ| → ∞. If so, then A should be positive
if γ is long enough. To be precise, there exists N > 0 such that the coefficient
κΛs(γn+1)
ρt+1
− κΛs(γn) > 0
for all n > N . Thus, we see that κΛs(γn+2) > ρ
2
t+1κ
Λ
s(γn)
. Since ρi > 1 for 1 ≤ i ≤ k by standing
assumption, this implies that κΛs(γn+m) > 1 for some m, which contradicts the fact that κ
Λ
v ≤ 1
for all vertices v of BΛ. Therefore, we must have
κΛs(γn+1)
ρt+1
− κΛs(γn) < 0 or
κΛs(γn+1)
ρt+1
− κΛs(γn) = 0
for all n.
Now suppose that
κΛ
s(γn+1)
ρt+1
− κΛs(γn) < 0. Then there are three cases to consider.
Case 1: If 2 < s < 2 + δ, then s− 2 > 0 and (s−2)
δ
< 1. We have
−(q + 1)(s− 2
δ
)
+ (q + 1) = (q + 1)
(
1− (s− 2)
δ
)
> 0,
so that
(ρ1 · · ·ρt)−(q+1)( s−2δ )+(q+1) →∞ as q →∞
since ρi > 1 for all i ∈ {1, . . . , k}. Similarly, we have
−q(s− 2
δ
) + q > 0,
which implies that
(ρt+1 · · · ρk)−q( s−2δ )+q →∞ as q →∞.
Therefore, we have that A→ −∞ as |γ| → ∞. A similar argument also shows that B →∞ as
|γ| → ∞, and hence λγ = A− B → −∞ as |γ| → ∞.
Case 2: If s < 2, then s− 2 < 0. So, we have
−(q + 1)(s− 2
δ
) + (q + 1) > 0,
and hence one can show that λγ → −∞ as |γ| → ∞.
Case 3: If s = 2, then we get
−(q + 1)(s− 2
δ
) + (q + 1) = q + 1 > 0.
Thus, a similar argument shows that λγ → −∞ as |γ| → ∞. Therefore if s < 2 + δ, then the
eigenvalue λγ → −∞ as |γ| → ∞.
Because of Proposition 3.2, the results in [14] implies that we can find an ultrametric d(s),
called the intrinsic metric in [14], on ∂BΛ associated to the eigenvalues of ∆s as follows.
Proposition 3.3. Let ∆s and λs,γ be given in Proposition 3.2 and {ρi : 1 ≤ i ≤ k} be the set
of the spectral radii of all vertex matrices of Λ. Suppose that ρi > 1 for all 1 ≤ i ≤ k.
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(a) If s < 2, then λs,α < 0 for any α ∈ FBΛ with |α| ≥ 1, and {λs,x(0,n) : n ∈ N} is strictly
decreasing for any x ∈ ∂BΛ, i.e.
λs,x(0,n) > λs,x(0,n+1).
(b) Fix s ∈ R, and we define
d(s)(x, y) =


0 for x = y ∈ ∂BΛ,
− 1
λs,x∧y
for x 6= y ∈ ∂BΛ.
Then d(s) is an ultrametric on ∂BΛ.
(c) Let the open ball of center x ∈ ∂BΛ and radius a > 0 for the metric d(s) be defined by
Bs(x, a) = {y | d(s)(x, y) < a}.
Then for each x ∈ ∂BΛ, we have Bs(x, a) = [x(0, n)] if and only if
− 1
λs,x(0,n)
< a ≤ − 1
λs,x(0,n−1)
.
Proof. For (a), recall from (10) that the eigenvalues λs,α of ∆s are given by
λs,α =
|α|−1∑
k=0
µ[αk+1]− µ[αk]
Gs(αk)
− µ[α]
Gs(α)
,
where
Gs(α) =
1
2
(
wδ(α)
)2−s ∑
(e,e′)∈ext1(α)
µ[αe]µ[αe′],
wδ(α) =
(
ρ
q+1
1 · · · ρq+1t ρqt+1 · · · ρqk
)−1/δ
κΛs(α),
for |α| = qk + t with 0 ≤ t ≤ k − 1 and δ ∈ (0, 1), and κΛ is the unimodular Perron-Frobenius
eigenvector for Λ.
We first note that Gs(γ) > 0 for any γ ∈ FBΛ since ρi > 1 for all 1 ≤ i ≤ k. If 2 − s > 0,
then we see that Gs(αn) > Gs(αn+1) where αn is an initial sub-path of α with |αn| = n and
r(αn) ∈ V0. Thus it is straightforward to check that λs,α < 0 as follows. For α ∈ FBΛ with
|α| = 1, we have
λs,α =
µ[α]− µ[r(α)]
Gs(r(α))
− µ[α]
Gs(α)
= µ[α]
( 1
Gs(r(α))
− 1
Gs(α)
)
− µ[r(α)]
Gs(r(α))
< 0
If |α| = 2, then we see that
λs,α =
µ[α1]− µ[r(α)]
Gs(r(α))
+
µ[α]− µ[α1]
Gs(α1)
− µ[α]
Gs(α)
= µ[α1]
( 1
Gs(r(α))
− 1
Gs(α1)
)
+ µ[α]
( 1
Gs(α1)
− 1
Gs(α)
)
− µ[r(α)]
Gs(r(α))
< 0
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If |α| = n, then we inductively see that
λs,α =
n−1∑
k=0
µ[αk+1]
( 1
Gs(αk)
− 1
Gs(αk+1)
)
− µ[r(α)]
Gs(r(α))
< 0, (12)
so that λs,α < 0 for any α ∈ FBΛ. Moreover, (12) implies that for x ∈ ∂BΛ
λs,x(0,n+1) =
n∑
k=0
µ[x(0, k + 1)]
( 1
Gs(x(0, k))
− 1
Gs(x(0, k + 1))
)
− µ[r(x)]
Gs(r(x))
and
λs,x(0,n) =
n−1∑
k=0
µ[x(0, k + 1)]
( 1
Gs(x(0, k))
− 1
Gs(x(0, k + 1))
)
− µ[r(x)]
Gs(r(x))
.
Thus, we have that
λs,x(0,n+1) − λs,x(0,n) = µ[x(0, n+ 1)]
( 1
Gs(x(0, n))
− 1
Gs(x(0, n+ 1))
)
< 0,
so that λs,x(0,n) > λs,x(0,n+1) for each x ∈ ∂BΛ.
For (b), it is straightforward to see that d(s) is an ultrametric (see [14, Proposition 6.4(1)]).
For (c), fix x ∈ ∂BΛ and a > 0. For any n ∈ N, letD[x]n = − 1λs,x(0,n) . Then Proposition 6.4(3)
of [14] gives the desired result.
4 Dirichlet forms and heat kernels
According to [14], we can prove various interesting results for the metric measure space that
has a volume doubling property with respect to an ultrametric on the space. The measure µ on
∂BΛ has a volume doubling property with respect to the both ultrametric d(s) and dwδ on ∂BΛ,
which is proved in Proposition 4.1 and Proposition 4.2. Moreover, we show that there exists
a heat kernel pt of a process associated to the Dirichlet form Qs and discuss the asymptotic
behavior of pt after.
4.1 Volume doubling property
For a metric measure space (X, µ, d), we define an open ball with radius r by
B(x, r) = {y ∈ X | d(x, y) < r}
for x ∈ X and r > 0. We say that the measure µ has the volume doubling property with respect
to a metric d if there exists a constant c > 0 such that
µ(B(x, 2r)) ≤ c · µ(B(x, r))
for any x ∈ X and any r > 0.
We have shown in the previous section that there are two metrics d(s) and dwδ defined on
the measure space (∂BΛ, µ) if the spectral radii ρi of vertex matrices of Λ satisfy ρi > 1 for
1 ≤ i ≤ k. We show that the measure µ has the volume doubling property with respect to both
d(s) and dwδ as below.
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Proposition 4.1. Suppose that the spectral radius ρi of vertex matrices of Λ satisfies ρi > 1
for all 1 ≤ i ≤ k. Let µ be the probability measure on ∂BΛ given in (3) and d(s) be the intrinsic
ultrametric on ∂BΛ given in Proposition 3.3. Then µ has the volume doubling property with
respect to d(s) for s < 2.
Proof. Since s < 2, first note that the sequence eigenvalues {λs,x(0,n)} is strictly decreasing for
each x ∈ ∂BΛ and the associated intrinsic metric d(s) is an ultrametric on ∂BΛ by Proposition 3.3.
We apply Theorem 6.5 of [14] to the metric measure space (∂BΛ, µ, d(s)) to prove the proposition.
So it suffices to prove two things. First, we need to find c1 ∈ (0, 1) such that
c1 ≤ µ[x(0, n)]
µ[x(0, n− 1)] for all x ∈ ∂BΛ and n ∈ N, (13)
and second, we need to show that there exist m ≥ 1 and c2 ∈ (0, 1) such that
λs,x(0,n)
λs,x(0,n+m)
< c2 for all x ∈ ∂BΛ and n ∈ N. (14)
To see the first claim, fix x ∈ ∂BΛ and n ∈ N. Then let |x(0, n)| = n = qk + t for some q ∈ N
and 0 ≤ t ≤ k − 1. Then we have that
µ[x(0, n)] =
( 1
ρqρ1 . . . ρt
)
κΛs(x(0,n)),
µ[x(0, n− 1)] =
( 1
ρqρ1 . . . ρt−1
)
κΛs(x(0,n)),
so that we get
µ[x(0, n)]
µ[x(0, n− 1)] =
1
ρt
· κ
Λ
s(x(0,n))
κΛs(x(0,n−1))
> 0.
Since the right-hand side of above equation is positive, there exists c1 ∈ (0, 1) that satisfies
(13).
For the second claim, recall that the sequence of eigenvalues {λs,x(0,n)} is strictly decreasing
for each x ∈ ∂BΛ if s < 2. Thus, we have
0 <
λs,x(0,n)
λs,x(0,n+m)
< 1 for all m ≥ 1.
Hence there exists c2 ∈ (0, 1) that satisfies (14). Therefore µ has the volume doubling property
with respect to d(s) if s < 2.
Now we prove that the measure µ also has the volume doubling property with respect to the
ultrametric dwδ induced from the weight wδ on BΛ. The proof is not trivial and quite different
from the one for the intrinsic metric d(s) shown above.
Proposition 4.2. Suppose that the spectral radius ρi of vertex matrices of Λ satisfies ρi > 1
for all 1 ≤ i ≤ k. Let wδ the weight on ∂BΛ given in (5) for 0 < δ < 1. Let dwδ be the induced
ultrametric via wδ on BΛ and µ be the probability measure on ∂BΛ given in (3). Then µ satisfies
the volume doubling property with respect to dwδ , i.e. for any x ∈ ∂BΛ and r > 0, there exists
c > 0 such that
µ(Bdwδ (x, 2r)) ≤ c · µ(Bdwδ (x, r)).
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Proof. For notational simplicity, we drop the subscript δ from the ultrametric dwδ for the proof.
Fix x = (xi)i≥0 ∈ ∂BΛ and r > 0. Recall from Proposition 2.8 and the comments after that
µ(Bdw(x, r)) = µ[x0 . . . xn0 ], where n0 is the smallest integer such that s(x ∧ y) ∈ Vn0 for
y ∈ Bdw(x, r), where x ∧ y is the longest common initial path of x and y. Write n0 = q0k + t0
for q0 ∈ N and 0 ≤ t0 ≤ k − 1. Then we have that
µ(Bdw(x, r)) = µ[x0 . . . xn0 ] = (ρ
q0ρ1 . . . ρt0)
−1κΛs(xn0 )
, (15)
where ρ = ρ1 . . . ρk. Also we get
dw(x, y) = wδ(x ∧ y) = (ρq0ρ1 . . . ρt0)−1/δκΛs(xn0 ).
Similarly, we have that µ(Bdw(x, 2r)) = µ[x0 . . . xm0 ] where m0 is the smallest integer such
that s(x∧y′) ∈ V m0 for y′ ∈ Bdw(x, 2r), and we writem0 = q1k+t1 for q1 ∈ N and 0 ≤ t1 ≤ k−1.
We also have that
µ(Bdw(x, 2r)) = µ[x0 . . . xm0 ] = (ρ
q1ρ1 . . . ρt1)
−1κΛs(xm0 )
, (16)
and
dw(x, y
′) = wδ(x ∧ y′) = (ρq0ρ1 . . . ρt1)−1/δκΛs(xm0 ).
Our goal is to find a number c > 0 such that
µ(Bdw(x, 2r))
µ(Bdw(x, r))
=
µ[x0 . . . xm0 ]
µ[x0 . . . xn0 ]
=
(ρq1ρ1 . . . ρt1)
−1 κΛs(xm0 )
(ρq0ρ1 . . . ρt0)
−1 κΛs(xn0 )
< c.
First, observe that for any 0 ≤ t0, t1 ≤ k − 1, we have the inequality
ρ1 . . . ρt0
ρ1 . . . ρt1
< ρ. (17)
since ρ1 . . . ρt0 < ρ and
1
ρ1...ρt1
< 1.
Note that the condition dw(x, y) < r with s(x ∧ y) ∈ Vn0 and n0 = q0k + t0 gives
dw(x, y) = (ρ
q0ρ1 . . . ρt0)
−1/δκΛs(xn0 )
< r.
This is equivalent to
ρ−q0/δ(ρ1 . . . ρt0)
−1/δκΛs(xn0 )
< r
⇐⇒ −q0
δ
ln ρ− 1
δ
ln(ρ1 . . . ρt0) + ln κ
Λ
s(xn0 )
< ln r
⇐⇒ q0 > −δ ln r
ln ρ
− ln(ρ1 . . . ρt0)
ln ρ
+
δ ln κΛs(xn0 )
ln ρ
.
Note that ρ1 . . . ρt0 < ρ gives ln(ρ1 . . . ρt0) < ln ρ, and hence
ln(ρ1...ρt0 )
lnρ
< 1. LetX = minv∈Λ0{κΛv },
then the above inequality implies that
q0 > −δ ln r
ln ρ
+
δ lnX
ln ρ
− 1.
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Letting Cr,δ,ρ := − δ ln rln ρ + δ lnXlnρ − 1, we have q0 > Cr,δ,ρ.
Similarly, the condition dw(x, y
′) < 2r with s(x ∧ y′) ∈ Vm0 and m0 = q1k + t1 gives
dw(x, y
′) =
( 1
ρq1ρ1 . . . ρt1
)1/δ
κΛs(xm0 )
< 2r,
and a similarly computation as above shows that q1 > Cr,δ,ρ − δ ln 2ln ρ . Thus, we have q1 − q0 >
− δ ln 2
lnρ
− 1 and hence
q1 − q0 − 1 > −δ ln 2
ln ρ
− 2. (18)
Now, let Y = maxv,w∈Λ0
{
κΛv
κΛw
}
and we compute
µ(Bdw(x, 2r))
µ(Bdw(x, r))
=
( 1
ρq1−q0ρ1 . . . ρt1ρ
−1 . . . ρ−1t0
) κΛs(xm0 )
κΛs(xn0 )
<
( 1
ρq1−q0
) · (ρ) · Y = ( 1
ρq1−q0−1
)
Y.
Let R := − δ ln 2
lnρ
− 2, then (18) implies the inequality ρq1−q0−1 > ρR. Thus, we get
( 1
ρq1−q0−1
)
Y <
( 1
ρR
)
Y.
Therefore, any constant c ≥ ( 1
ρR
)Y satisfies
µ(Bdw(x, 2r))
µ(Bdw(x, r))
< c,
which means that µ satisfies the volume doubling property with respect to dw.
4.2 Kernels and their asymptotic behaviors
We show in this section that the Dirichlet form Qs coincides with the Dirichlet form QJs,µ
associated to a jump kernel Js in Proposition 4.4, and show that there exists a heat kernel
associated to the Dirichlet form Qs in Proposition 4.5. Then we discuss the asymptotic behavior
of the heat kernel in Proposition 4.6, Theorem 4.7 and Theorem 4.9.
Definition 4.3 (Definition 10.6 [14]). Let µ be the probability measure on ∂BΛ given in (3).
Suppose that the spectral radius ρi of vertex matrices of Λ satisfies ρi > 1 for all 1 ≤ i ≤ k
and that J is a non-negative function on FBΛ. We define WJ : (∂BΛ × ∂BΛ) → [0,∞) by
WJ(x, y) = J(x ∧ y) for x 6= y ∈ ∂BΛ. Then we let
DJ,µ = {f ∈ L2(Λ∞, µ) :
∫
∂BΛ×∂BΛ
WJ(x, y)(f(x)− f(y))2 dµ(x)dµ(y) <∞}
and for f, g ∈ DJ,µ, define the bilinear form by
QJ,µ(f, g) =
∫
∂BΛ×∂BΛ
WJ(x, y)(f(x)− f(y))(g(x)− g(y)) dµ(x)dµ(y).
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The Dirichlet form of the above form is called a jump type Dirichlet form and the corresponding
kernel J is called a generalized jump kernel.9
As in [14], we now identify a generalized jump kernel Js for the Dirichlet form Qs of (8) as
follows.
Proposition 4.4. Let µ be the probability measure on ∂BΛ given in (3). Suppose that the
spectral radius ρi of vertex matrices of Λ satisfies ρi > 1 for all 1 ≤ i ≤ k. For a finite path
γ ∈ Λ, we let
Js(γ) =
(wδ(γ))
s−2∑
(e,e′)∈ext1
µ[γe]µ[γe′]
. (19)
The Dirichlet form (Qs,Dom(Qs)) on L
2(∂B, µ) given in (8) coincides with (QJs,µ,DJs,µ) given
in Definition 4.3.
Proof. We prove the proposition by computing the Dirichlet form Qs given in (8) explicitly
as follows. Note that |D| = √DD∗ and the Dirac operator D acts on the Hilbert space
H = ℓ2(FBΛ)⊗ C2. For ξ ∈ H and λ ∈ FBΛ, we have
|D|ξ(λ) = 1
wδ(λ)
(
0 1
1 0
)(
0 1
1 0
)
ξ(λ) =
1
wδ(λ)
(
1 0
0 1
)
ξ(λ).
For any s ∈ R, we get
|D|−s = wδ(λ)s
(
1 0
0 1
)
.
Similarly, we compute
[D, πφ(g)]ξ(λ) =
g(φ1(λ))− g(φ2(λ))
(wδ(λ))2
(
0 −1
1 0
)
ξ(λ),
[D, πφ(f)]
∗ξ(λ) =
f(φ1(λ))− f(φ2(λ))
(wδ(λ))2
(
0 1
−1 0
)
ξ(λ).
So, Tr
(|D|−s[D, πφ(f)]∗[D, πφ(g)]) is given by
2
∑
λ∈FBΛ
wδ(λ)
s−2(f(φ1(λ))− f(φ2(λ)))(g(φ1(λ))− g(φ2(λ))).
Thus, we have that
Qs(f, g) =
1
2
∫
Ξ
Tr(|D|−s[D, πφ(f)]∗[D, πφ(g)]) dν(φ)
=
∫
Ξ
∑
λ∈FBΛ
wδ(λ)
s−2(f(φ1(λ))− f(φ2(λ)))(g(φ1(λ))− g(φ2(λ))) dν(φ).
(20)
9Note that the definition works for an arbitrary tree as long as there exists a measure on the associated
infinite path space. See also Definition 10.6 of [14].
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Now we apply the formula of ν on the set Ξ of the choice functions given in (9). Then we
obtain that
Qs(f, g) =
∫
∂BΛ×∂BΛ
(wδ(x ∧ y))s−2∑
(e,e′)∈ext1(x∧y)
µ[(x ∧ y)e]µ[(x ∧ y)e′]
(
f(x)− f(y))(g(x)− g(y)) dµ dµ,
where x, y ∈ ∂BΛ and x∧y is the longest common path of x and y. (Note that a choice function
φ only picks up a finite path λ = x ∧ y for (x, y) ∈ ∂BΛ × ∂BΛ, so that the summation in λ of
(20) goes away as above). Therefore, by letting
Js(γ) =
(wδ(γ))
s−2∑
(e,e′)∈ext1(γ)
µ[γe]µ[γe′]
,
we have shown that
Qs(f, g) = QJs,µ(f, g)
Also, it is straightforward to check that their domains coincide.
Recall that each eigenspace Es,γ corresponding to the eigenvalues λs,γ of the Laplace-
Beltrami operator ∆s associated to the above Dirichlet form Qs is given in (11):
Es,γ = span
{ χγe
µ[γe]
− χγe′
µ[γe′]
: (e, e′) ∈ ext1(γ)
}
⊂ L2(∂BΛ, µ),
which can be realized as{
ψ ∈ L2(∂BΛ, µ) : ψ =
∑
α=γe,
e∈s(γ)FBΛ,
|e|=1
aαχ[α],
∑
α=γe,
e∈s(γ)FBΛ,
|e|=1
aα = 0
}
.
Let {ψγ,1, . . . , ψγ,mγ} be an L2(∂BΛ, µ)-orthonormal basis of the above Es,γ. Then Lemma 10.2
of [14] implies that there exists a complete orthonormal system {ψ0, ψγ,n : γ ∈ FBΛ, 1 ≤ n ≤
mγ} of L2(∂BΛ, µ), where ψ0 = χ[∂B], mγ = |{e ∈ s(γ)B1}| − 1 and B1 is the set of edges in B.
Therefore, Lemma 7.1 of [14] gives the formula
mγ−1∑
j=1
ψγ,j(x)ψγ,j(y) =
∑
e∈s(γ)B1
(χ[γe](x)χ[γe](y)
µ[γe]
− χ[γ](x)χ[γ](y)
µ[γ]
)
,
which is the same form as the formula given in the Section 7 of [14].
Now we are ready to give the formula of the heat kernel which we are interested in. As in
the equation (7.1) of [14], the heat kernel associated to the Dirichlet form (Qs,Dom(Qs)) is
given by
p(t, x, y) = 1 +
∑
γ∈FBΛ
eλs,γt
mγ−1∑
j=1
ψγ,j(x)ψγ,j(y), (21)
where {ψ0, ψγ,n : γ ∈ FBΛ, 1 ≤ n ≤ mγ} is a complete orthonormal system of L2(∂BΛ, µ) given
as above.
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In particular, we obtain that
p(t, x, y) =


1 +
∞∑
n=0
( 1
µ[x(0, n+ 1)]
− 1
µ[x(0, n)]
)
eλs,x(0,n) t if x = y,
|x∧y|∑
n=0
1
µ[x ∧ y(0, n)]
(
eλs,x∧y(0,n−1)t − eλs,x∧y(0,n)t
)
if x 6= y
(22)
where |x ∧ y| is the length of the path x ∧ y. Note that we have eλs,γt instead of e−λs,γt since
λs,γ < 0 for all γ ∈ FBΛ in our case.
Since the measure µ on ∂BΛ has the volume doubling property with respect to the intrinsic
metric d(s) and the ultrametric dwδ induced by the weight wδ on ∂B given in (5), we expect to
obtain similar results to those in [14, Section 7], such as asymptotic behaviors of heat kernel and
jump kernel of the process associated to the Dirichlet form Qs given in (8). But, we first note
that if the eigenvalues of the associated Laplace-Beltrami operator ∆s blows up at infinity, then
one can find a Hunt process ({Yt}t>0, {Px}x∈∂B) on ∂BΛ whose transition density is p(t, x, y) as
follows.
Proposition 4.5. (c.f. Proposition 7.2, Theorem 7.3 of [14]) Let µ be the probability measure
on ∂BΛ given in (3). For any x, y ∈ ∂BΛ and t > 0, define pt,x(y) = p(t, x, y), where p(t, x, y)
is the heat kernel given in (21) that is associated to the Dirichlet form Qs in (8).
(a) For any bounded Borel measurable function f : ∂BΛ → R, we define
(ptf)(x) =
∫
∂BΛ
pt,xf dµ (t > 0).
Then {pt : t > 0} is a Markovian transition function in the sense of [11, Section 1.4].
(b) There exists a Hunt process ({Yt}t>0, {Px}x∈∂BΛ) on ∂BΛ whose transition density is
p(t, x, y), i.e.,
Ex(f(Yt)) =
∫
∂BΛ
p(t, x, y)f(y)µ(dy),
for x ∈ ∂BΛ and for a bounded Borel measurable function f : ∂BΛ → R, where Ex(·) is
the expectation with respect to Px.
Proof. Since |λs,γ| → ∞ as |γ| → ∞, we see that the result follows from Proposition 7.2 and
Theorem 7.3 of [14].
Since {λs,x(0,n) : n ∈ N} is strictly decreasing for any x ∈ ∂BΛ and the measure µ has the
volume doubling property with respect to d(s), the heat kernel satisfies the estimates in terms
of the intrinsic metric d(s) as follows. Note that the proofs of Proposition 4.6 and Theorem 4.7
are very similar to the ones in [14] and it turned out that the negativity of eigenvalues λs,γ do
not change the results.
Proposition 4.6. (c.f. Proposition 7.5 of [14]) Let µ be the probability measure on ∂BΛ given
in (3) and p(t, x, y) be the heat kernel given in (21). Suppose that s < 2 and the spectral radii
ρi of vertex matrices of Λ satisfies ρi > 1 for all 1 ≤ i ≤ k. Let d(s) be the intrinsic metric on
∂BΛ given in Proposition 3.3 and we denote Bs(x, t) be the open ball with radius t centered at
x ∈ ∂BΛ with respect to d(s). Then the following statements are true.
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(a) For x ∈ ∂BΛ and t > 0, we have p(t, x, x) ≥ 1
e
· 1
µ(Bs(x, t))
.
(b) For 0 < t ≤ d(s)(x, y), we have p(t, x, y) ≤ 1
d(s)(x, y)µ[x ∧ y] .
Proof. First note that since s < 2, we have that λs,γ < 0 for all γ ∈ FBΛ and the sequence
{λs,x(0,m) : m ∈ N} is strictly decreasing for any x ∈ ∂BΛ. Fix x ∈ ∂BΛ and fix t > 0. Then
Proposition 3.3(c) implies that there exists some n ∈ N such that
− 1
λs,x(0,n)
< t ≤ − 1
λs,x(0,n−1)
.
Then we see that t · λs,x(0,m) ≥ −1 for all m = 0, 1, . . . , n− 1 since λs,α < 0 for any α ∈ FBΛ.
Also Proposition 3.3 (c) implies Bs(x, t) = [x(0, n)]. Thus, we obtain from (22) that
p(t, x, x) ≥ 1 +
n−1∑
j=0
( 1
µ[x(0, j + 1)]
− 1
µ[x(0, j)]
)
eλs,x(0,j)t
> 1 +
n−1∑
j=0
( 1
µ[x(0, j + 1)]
− 1
µ[x(0, j)]
)
e−1
>
1
e
· 1
µ[x(0, n)]
=
1
e
· 1
µ(Bs(x, t))
,
which proves (a).
To show (b), fix x, y ∈ ∂BΛ. For 0 < t ≤ d(s)(x, y), we let f(t) = p(t, x, y) as in Proposi-
tion 7.5 of [14]. Let N = |x∧ y| and we write λm = λs,x∧y(0,m), µm = µ[x∧ y(0, m)] for m ≤ N .
Then we see that d(s)(x, y) = − 1
λs,x∧y
= − 1
λN
. We also have that
f ′(t) =
N∑
m=0
λm−1e
λm−1t − λmeλmt
µm
, f ′′(t) =
N∑
m=0
(λm−1)
2eλm−1t − (λm)2eλmt
µm
.
We note that λ−1 = 0. Since λm−1 > λm > λN , for 1 ≤ m < N and t ∈ (0,− 1λN ], we obtain
that
λm−1e
λm−1t − λmeλmt > λmeλmt − λmeλmt = 0.
Thus, f ′(t) ≥ 0 and one can check that f ′′(t) ≤ 0 with a similar calculation. Therefore, we can
deduce that
f ′(− 1
λN
) t ≤ f(t) ≤ f ′(0) t
for t ∈ (0,− 1
λN
]. We have that
f ′(0)t =
N−1∑
m=0
(−λmt)
( 1
µm
− 1
µm+1
)
− λN t
µN
≤ (−λN t) 1
µ0
≤ (−λN t) 1
µN
=
t
− 1
λN
µN
=
t
d(s)(x, y)µ[x ∧ y] ,
which proves the desired result.
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Now we give the heat kernel estimations in terms of the intrinsic metric d(s) as follows. We
first recall that f(x) ≍ g(x) means that there exist two positive numbers c1, c2 such that
c1g(x) ≤ f(x) ≤ c2g(x). (23)
Theorem 4.7. (c.f. Theorem 7.6 of [14]) Suppose that the spectral radius ρi of vertex matrices
of Λ satisfies ρi > 1 for all 1 ≤ i ≤ k. Let µ be the probability measure on ∂BΛ as given in (3)
and d(s) be the intrinsic ultrametric on ∂BΛ given in Proposition 3.3. Let p(t, x, y) be the heat
kernel given in (21). Then the heat kernel p(t, x, y) is continuous on (0,∞)× ∂BΛ × ∂BΛ and
satisfies
p(t, x, y) ≍


t
d(s)(x, y)µ[x ∧ y] if 0 < t ≤ d
(s)(x, y),
1
µ(Bs(x, t))
if t > d(s)(x, y).
Proof. We leave the proof to the reader since it is very similar to the proof in [14, Theorem 7.6].
In the following proposition, we show that the ultrametric dwδ associated to the weights wδ
on BΛ is equivalent to the intrinsic metric d(s) associated to the eigenvalues λs,γ of ∆s.
Theorem 4.8. Suppose that the spectral radius ρi of vertex matrices Λ satisfies ρi > 1 for all
1 ≤ i ≤ k. Let dwδ be the ultrametric on ∂BΛ associated to the weight wδ given in (5) for
δ ∈ (0, 1), and let d(s) be the intrinsic metric given in Proposition 3.3. If 1 < s < 2 + δ, then
we have that
d(s)(x, y) ≍ (dw(x, y))2+δ−s (24)
for x, y ∈ ∂BΛ.
Proof. We have to find two positive constants a, b such that
a · d(s)(x, y) ≤ (dw(x, y))2+δ−s ≤ b · d(s)(x, y).
To see this, fix a finite path γ ∈ FBΛ with |γ| = n = qk + t where q ∈ N and 1 ≤ t ≤ k − 1.
Then for s ∈ R, (10) gives
λs,γ =
n−1∑
k=0
µ[γk+1]− µ[γk]
Gs(γk)
− µ[γ]
Gs(γ)
, (25)
where Gs(η) =
1
2
(
w(η)
)2−s∑
(e,e′)∈ext1(η)
µ[ηe]µ[ηe′]. In particular, for any finite path η with
length |η| = m = pk + ℓ, one can compute
Gs(η) =
(
ρ
p+1
1 . . . ρ
p+1
ℓ ρ
p
ℓ+1 . . . ρ
p
k
) s−2
δ
−2
(κΛs(η))
2−s (2(ρℓ+1)
−2)
∑
(e,e′)∈ext1(η)
κΛs(e) κ
Λ
s(e′).
To simplify the computations, the first sum and the second sum of λs,γ are denoted by A
and B, respectively. Then we compute
B =
µ[γ]
Gs(γ)
=
(ρq+11 . . . ρ
q+1
t ρ
q
t+1 . . . ρ
q
k)
−1κΛs(γ)
(ρq+11 . . . ρ
q+1
t ρ
q
t+1 . . . ρ
q
k)
s−2
δ
−2 · (κΛs(γ))2−s ·
∑
(e,e′)∈ext1(γ)
κΛ
s(e)
κΛ
s(e′)
2(ρt+1)2
= (ρq+11 . . . ρ
q+1
t ρ
q
t+1 . . . ρ
q
k)
1− s−2
δ · (κΛs(γ))s−1(αγ)−1,
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where αγ =
∑
(e,e′)∈ext1(γ)
κΛ
s(e)
κΛ
s(e′)
2(ρt+1)2
.
To compute A, now let γi be a sub-path of γ with |γi| = i = q′k + t′. Then
A =
n−1∑
i=0
µ[γi+1]− µ[γi]
Gs(γi)
=
n−1∑
i=1
(ρq
′+1
1 . . . ρ
q′+1
t′ ρ
q′+1
t′+1ρ
q′
t′+2 . . . ρ
q′
k )
−1 · κΛs(γi+1) − (ρ
q′+1
1 . . . ρ
q′+1
t′ ρ
q′
t′+1 . . . ρ
q′
k )
−1 · κΛs(γi)
(ρq
′+1
1 . . . ρ
q′+1
t′ ρ
q′
t′+1 . . . ρ
q′
k )
s−2
δ
−2 · (κΛs(γi))2−s · (αγi)
,
where αγi =
∑
(e,e′)∈ext1(γi)
κΛ
s(e)
κΛ
s(e′)
2(ρt′+1)
2 . Then we can simplify A and obtain
A =
n−1∑
i=1
(ρq
′+1
1 . . . ρ
q′+1
t′ ρ
q′
t′+1 . . . ρ
q′
k )
2+δ−s
δ · (κΛs(γi))s−2(αγi)−1 ·
(
ρ−1t′+1 · κΛs(γi+1) − κΛs(γi)
)
.
We see that λs,γ = A− B is given by
(ρq+11 . . . ρ
q+1
t ρ
q
t+1 . . . ρ
q
k)
2+δ−s
δ ·
( n−1∑
i=1
(ρq
′+1
1 . . . ρ
q′+1
t′ ρ
q′
t′+1 . . . ρ
q′
k )
2+δ−s
δ
· (ρq+11 . . . ρq+1t ρqt+1 . . . ρqk)−
2+δ−s
δ · (κΛs(γi))s−2(αγi)−1(ρ−1t′+1κΛs(γi+1) − κΛs(γi))− (κΛs(γ))s−1 · (αγ)−1
)
.
Therefore, we have d(s)(x, y) = −(λs,x∧y)−1 = −(A−B)−1 = (B−A)−1 if γ = x∧ y, and hence
we get
d(s)(x, y) = (ρq+11 . . . ρ
q+1
t ρ
q
t+1 . . . ρ
q
k)
2+δ−s
δ · Fγ , (26)
where Fγ is a finite sum given by
Fγ =
(
(κΛs(γ))
s−1
αγ
−
n−1∑
i=1
(
ρ
q′+1
1 . . . ρ
q′+1
t′ ρ
q′
t′+1 . . .ρ
q′
k
) 2+δ−s
δ
(
ρ
q+1
1 . . . ρ
q+1
t ρ
q
t+1 . . . ρ
q
k
)− 2+δ−s
δ
· (κ
Λ
s(γi)
)s−2
αγi
· (κ
Λ
s(γi+1)
ρt′+1
− κΛs(γi)
))−1
.
(27)
Since d(s)(x, y) > 0, Fγ is positive. We notice that Fγ only involves with a finite number of
terms. Thus, there exists an upper bound of Fγ. In particular, there exists the least upper bound
of Fγ , denoted by supγ Fγ, which is not zero. Since dw(x, y) = (ρ
q+1
1 . . . ρ
q+1
t ρ
q
t+1 . . . ρ
q
k)
− 1
δ ·κΛs(γ),
the equation (26) implies
d(s)(x, y) = (dw(x, y))
2+δ−s
δ · Fγ
(κΛs(γ))
2+δ−s
(28)
where γ = x ∧ y with |γ| = n = qk + t. This gives the equality
(κΛs(γ))
2+δ−s
Fγ
d(s)(x, y) = (dw(x, y))
2+δ−s.
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We claim that there exists the minimum values of
(κΛ
s(γ)
)2+δ−s
Fγ
that does not depend on s.
Indeed, we observe that
(κΛs(γ))
2+δ−s
Fγ
≥ (κ
Λ
s(γ))
2+δ−s
supγ Fγ
.
We also note that 2 + δ − s > 0 and 0 < κΛs(γ) < 1. Since there exists the minimum value of a
finite set of positive numbers and Λ is a finite k-graph, the set {(κΛs(γ))2+δ−s : s(γ) ∈ Λ0} has
the minimum value, denoted by min{(κΛs(γ))2+δ−s}. Thus we have
(κΛs(γ))
2+δ−s
Fγ
≥ min{(κ
Λ
s(γ))
2+δ−s}
supγ Fγ
.
By letting a :=
min{(κΛ
s(γ)
)2+δ−s}
supγ Fγ
, we obtain a d(s)(x, y) ≤ (dw(x, y))2+δ−s.
To obtain the other inequality, note that (28) gives
dw(x, y)
2+δ−s = d(s)(x, y)
(κΛs(γ))
2+δ−s
Fγ
Since 0 < κΛv < 1 and 2 + δ − s > 0, we have
dw(x, y)
2+δ−s = d(s)(x, y)
(κΛs(γ))
2+δ−s
Fγ
< d(s)(x, y)
1
Fγ
Thus, we only need to show that there exists an upper bound of the set { 1
Fγ
: γ ∈ FB} that
does not depend on s. From (27), we see that
1
Fγ
=
(κΛs(γ))
s−1
αγ
−
n−1∑
i=1
(ρq
′+1
1 . . . ρ
q′+1
t′ ρ
q′
t′+1 . . . ρ
q′
k )
2+δ−s
δ (ρq+11 . . . ρ
q+1
t ρ
q
t+1 . . . ρ
q
k)
− 2+δ−s
δ
· (κ
Λ
s(γi)
)s−2
αγi
·
(
κΛs(γi+1)
ρt′+1
− κΛs(γi)
)
.
We note that each γi with |γi| = q′k+ t′ is a sub-path of γ with |γ| = qk+ t. Since 2+δ−sδ > 0
and ρi > 1 for all 1 ≤ i ≤ k, we have that
(
ρ
q′+1
1 . . . ρ
q′+1
t′ ρ
q′
t′+1 . . . ρ
q′
k
ρ
q+1
1 . . . ρ
q+1
t ρ
q
t+1 . . . ρ
q
k
) 2+δ−s
δ
< 1.
Thus, we have that
1
Fγ
=
(κΛs(γ))
s−1
αγ
+
n−1∑
i=1
(ρq
′+1
1 . . . ρ
q′+1
t′ ρ
q′
t′+1 . . . ρ
q′
k )
2+δ−s
δ
(ρq+11 . . . ρ
q+1
t ρ
q
t+1 . . . ρ
q
k)
2+δ−s
δ
· (κ
Λ
s(γi)
)s−2
αγi
·
(
κΛs(γi) −
κΛs(γi+1)
ρt′+1
)
≤ (κ
Λ
s(γ))
s−1
αγ
+
n−1∑
i=1
(κΛs(γi))
s−2
αγi
·
(
κΛs(γi) −
κΛs(γi+1)
ρt′+1
)
=
2(ρt+1)
2(κΛs(γ))
s−1∑
(e,e′)∈ext1(γ)
κΛs(e)κ
Λ
s(e′)
+
n−1∑
i=1
2(ρt′+1)
2(κΛs(γi))
s−2∑
(e,e′)∈ext1(γi)
κΛs(e)κ
Λ
s(e′)
·
(
κΛs(γi) −
κΛs(γi+1)
ρt′+1
)
.
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Since Λ has only finitely many vertices, there exists the positive minimum value of the set
{∑(e,e′)∈ext1(η) κΛs(e)κΛs(e′) : η ∈ FBΛ} denoted by MIN. Also, there exists the maximum value of
{ρj : 1 ≤ j ≤ k}, which we denote by ρmax. Thus, we have that
1
Fγ
<
2(ρmax)
2
MIN
(
(κΛs(γ))
s−1 +
n−1∑
i=1
(κΛs(γi))
s−2
(
κΛs(γi) −
κΛs(γi+1)
ρt′+1
))
=
2(ρmax)
2
MIN
(
(κΛs(γ))
s−1 +
n−1∑
i=1
(κΛs(γi))
s−1
(
1− κ
Λ
s(γi+1)
ρt′+1 · κs(γi)
))
.
Since 0 < κΛs(γ) < 1 and s− 1 > 0, we have (κΛs(γ))s−1 < 1 and hence
1
Fγ
<
2(ρmax)
2
MIN
(
1 +
n−1∑
i=1
(κΛs(γi))
s−1(1− κ
Λ
s(γi+1)
ρt′+1 · κΛs(γi)
)
)
.
If
(
1− κ
Λ
s(γi+1)
ρt′+1·κ
Λ
s(γi)
)
< 0, then we have the inequality 1
Fγ
<
2(ρmax)2
MIN
, which completes the proof.
If 0 <
(
1− κ
Λ
s(γi+1)
ρt′+1·κ
Λ
s(γi)
)
< 1 for any i = 0, 1, . . . , n− 1, then we have that
1
Fγ
<
2(ρmax)
2
MIN
(
1 +
n−1∑
i=1
(κΛs(γi))
s−1
)
.
Since κΛs(γi)’s are entries of the unimodular Perron-Frobenius eigenvector and s − 1 > 0,∑n−1
i=1 (κ
Λ
s(γi)
)s−1 is uniformly bounded by some constant M . This gives the inequality
1
Fγ
<
2(ρmax)
2
MIN
(1 +M),
which completes the proof.
We showed that there exists a heat kernel p(t, x, y) associated to the Dirichlet form Qs in
Proposition 4.5 and described its asymptotic behavior in Proposition 4.6 and Theorem 4.7 with
respect to the intrinsic metric d(s). Due to the previous theorem, we can give the heat kernel
estimates in terms of the ultrametric dwδ associated to the weight wδ given in (5) on ∂BΛ.
In fact, (b) of the following theorem may be thought of as a heat kernel estimates for jump
processes associated to the Dirichlet form QJs,µ.
Theorem 4.9. (C.f. Theorem 13.6 of [14]) Suppose that the spectral radius ρi of vertex matrices
of Λ satisfies ρi > 1 for all 1 ≤ i ≤ k. Let dwδ be the ultrametric on ∂BΛ associated to the
weight wδ given in (5) for δ ∈ (0, 1). Suppose that 1 ≤ s < 2+ δ. Then we have the followings.
(a) There exists a jointly continuous transition density p(t, x, y) on (0,∞)× ∂BΛ × ∂BΛ for
the Hunt process ({Yt}t>0, {Px}x∈∂BΛ) associated to the Dirichlet form (QJs,µ,DJs,µ) on
L2(∂BΛ, µ) given in (4.4).
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(b) The transition density p(t, x, y) in (a) satisfies
p(t, x, y) ≍


t
dwδ(x, y)
2+δ−s
δ
if dwδ(x, y)
2+δ−s
δ > t
1
µ(Bdwδ (x, t
δ
2+δ−s ))
if dwδ(x, y)
2+δ−s
δ ≤ t
for any (t, x, y) ∈ (0,∞)× ∂BΛ × ∂BΛ.
(c) For any x ∈ ∂BΛ and t ∈ (0, 1],
Ex(dwδ(x, Yt)
2+δ−s
δ
γ) ≍


t if γ > 1
t(| log t|+ 1) if γ = 1
tγ if 0 < γ < 1
Proof. Note that (a) and (b) follow from Theorem 4.7 and Theorem 4.8. Also (c) follows by
Corollary 7.9 of [14] since the measure µ has the volume doubling property with respect to the
ultrametric dwδ .
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